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ABSTRACT: We apply the Mayer cluster expansion theory to the interaction of point ions with a polyion,
modeling the polyion as a line charge of length 2L with suitable polyion-mobile ion distances of closest approach.
By summing over all simple ring clusters we obtain limiting law expressions for contributions to the excess
free energy and various colligative properties of the solution due to mobile ion—polyion interactions. These
expressions include explicit end-effect corrections to the expressions derived by Manning for the case of an
infinitely long polyion. We show that for a polyion of fixed dimensions, even though its length may be very
large, cluster terms of higher order than the simple ring terms do not diverge in the limit of infinite dilution
but instead disappear more rapidly than the ring terms. This indicates the absence of counterion condensation
in this limit and validates the simple ring term expressions as limiting law expressions.

I. Introduction

In 1969 Manning’? presented a theory of polyelectrolyte
solutions based on the Mayer? cluster theory of ionic so-
lutions. The Manning theory models the polyion as a
uniformly charged line of infinite length interacting with
a solution of mobile ions (taken as point charges), with
assumption of a suitable distance of closest approach of
mobile ions to the polyion. Interactions between polyions
are neglected, and “uncondensed” (see below) mobile ions
are treated in the Debye—Hiickel approximation; that is,
only simple “ring term” contributions to the free energy
for “uncondensed” mobile ions are considered.

A fundamental quantity in the Manning theory is a
(dimensionless) polyion charge-density parameter, £, de-
fined by

p=7 o e’
" DRT ~ bDET

where e is the magnitude of the electronic charge, D the
pure bulk solvent dielectric constant, & Boltzmann’s con-
stant, T the absolute temperature, and ¢ the polyion’s
charge density, equal to e/b with b the equivalent axial
charge spacing distance on the polyion. For a polyion in

a solution of univalent ions, if ¢ is initially greater than
1, the condensation hypothesis requires that (in the limit
of infinite dilution) sufficiently many counterions
“condense” on the polyion to reduce ¢ effectively to 1; if
£ is less than 1 initially, no counterion condensation occurs.

The theoretical justification given by Manning!? for
hypothesizing condensation involves the divergence of
certain free energy terms in the limit of infinite dilution.
Specifically, Manning showed that the leading (“ring”)
term in the Mayer cluster expansion corresponded to that
obtained in the Debye~Hiickel approximation; this term
diverged logarithmically with increasing dilution of the
system. Manning then analyzed the next higher order
terms in the cluster expansion and showed that for £ = 1,
certain of these terms diverged even more rapidly than the
ring term. Manning interpreted this result as implying
counterion condensation.

In more recent work, Manning*”’ and Iwasa®® have
treated polyion—counterion interactions by minimizing the
free energy of the polyelectrolyte solution with respect to
transfer of counterions from a bulk (“free”) phase to a
polyion-bound (“condensed”) phase; the results obtained
agree with the original condensation hypothesis. In a
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reexamination of the Poisson-Boltzmann (PB) equation
for linear polyions, Fixman!® has shown that a two-phase
(or condensation) model can be obtained as an approxi-
mation to the PB model. Anderson and Record!! have
analyzed the low-salt limiting behavior of the Donnan
coefficient from the cylindrical PB model and have found
that a high local concentration of counterions remains close
to the polyion at low ionic strength for polyion charge
densities above the critical value; this is consistent with
the condensation hypothesis.

The above treatments all take the polyion to be infinitely
long and so neglect the effects of ends. However, end
effects have received some recent attention through the
work of Skolnick and Grimmelmann!? on the potential of
a finite line segment of charge in an ionic solution. Al-
though these workers allow for screening effects in the
interaction of mobile ions with the oligoion, they do not
specifically address the problems of counterion conden-
sation and the definition of an effective oligoion charge
density.

Record and Lohman!3 have presented a semiempirical
treatment of end effects that includes both screening and
condensation effects. In their model of the oligoion,
counterion condensation at the ends of the molecule is
reduced over that in the interior; £,,4 is thus taken as
greater than £, With certain simplifying assumptions
on the proportionality of counterion condensation at the
ends vs. the interior of the oligoion, and on the length of
the end regions, Record and Lohman use the observed
length dependence of the melting temperature of a series
of d(A-T) oligomers'* to calibrate empirically the effect of
ends. The calibrated model is then successfully applied
to several other oligo- and polynucleotide systems.

Since real polyelectrolytes are composed of discrete
charges that perhaps form a linear or helical lattice or are
embedded in a medium of different dielectric constant
than that of the bulk solvent, several variations on the
continuous line-charge model have been examined. Bai-
ley'® has shown that at extreme dilution the continuous
line-charge model and a straight line of regularly spaced
charges yield equivalent results for the Debye—~Hiickel
approximation to the excess electrostatic free energy.
Moreover (for £ <1) Bailey claims that the contribution
of higher order cluster terms to the free energy is small
compared to the simple ring term, thus supporting Man-
ning’s neglect of these terms. It should be mentioned,
however, that this neglect of higher order terms has been
contested by Iwasa and co-workers.1617

Soumpasis'® has considered more elaborate lattice
models for the polyion with a discrete charge array and
has concluded (with Bailey'?) that at infinite dilution the
effects of charge discreteness are negligible, as are the
effects of ionic size. Skolnick and Fixman® and Skolnick?
have examined the electrostatic free energy for helical
arrays or stripes of charges on the surface of a dielectric
cylinder, following Hill’s?? earlier work on infinitely long,
uniformly charged cylinders as polyion models. Again, for
sufficiently low salt concentrations, predictions agree with
those of the simple line-charge model.

The present paper is an extension of Manning’s treat-
ment of infinitely long polyelectrolytes,? in which we seek
explicit end-effect corrections (in the Debye—Hiickel ap-
proximation) to Manning’s expression for the excess free
energy and certain of its derivatives. Following Manning,
we shall use the Mayer cluster integral approach, first
examining the simple ring term to obtain the Debye—
Hickel approximation to the free energy and to various
colligative properties. We then turn to the behavior at
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infinite dilution of the higher order cluster terms that
reflect the short-range interactions of mobile ions with the
polyion. Manning has cited the divergence of such terms,
in the limit of infinite dilution and when the charge density
exceeds a certain critical value, as evidence for
“condensation” of counterions onto the polyion. We shall
show that, regardless of the value of £, these terms vanish
at infinite dilution more rapidly than the ring term con-
tribution in the case of a polyion of fixed length, which
implies the absence of counterion condensation and jus-
tifies our use of the simple ring terms for deriving limiting
law expressions. In a subsequent paper we shall return
to the relation between counterion condensation and po-
lyion charge density and length, and we shall offer there
criteria for the onset of counterion condensation.

II. Theory

A. Preliminaries. We define the three-dimensional
Fourier transform f(k) of a function f(r) as

Fe) = { fyeer dr M)
The inverse transform is
f0) = (1/27)° f Face dk @)

In what follows we shall have occasion to use the three-
dimensional “box” function

B(r,L) = 6(x)é(y)b(z,L) @)

where 6(x) and 6(y) are Dirac 6 functions, and the function
b(z,L) is defined by

b(z,L) =0 l2| > L
=1 |o<L 4)
The Fourier transform of B(r,L) is given by
- 2 sin (k,L)
B(k,L) = % (5)

We shall also need the Fourier transforms of the Coulomb
potential function r! and the “screened” potential function
r-le-xr

(1)7) = dn /k? (6a)
and ~
e 4
(5) -7 o

B. Uniformly Charged Line Model. We take as our
model for a finite polyion a line charge along the z axis
from ~L to +L, carrying a total charge @ with a uniform
charge density ¢ of @/2L. We suppose the polyion to be
immersed in a solution of mobile ions, the ith species of
which has a charge z;e and a number density n;, The
Debye parameter « is given as usual by

4me?

K= mZnizF (7
According to the cluster theory of ionic solutions,®?® the
major contribution to the excess Helmholtz free energy A®*
comes from the sum over simple closed chains (rings) of
ions and corresponds to the Debye-Hiickel limiting law
result. Let us denote by C, the term corresponding to a
chain of n mobile ions joining a polyion and a test charge

g. C, is given by

°q 2\n
C, = 3(‘K) fgqlglzgza---gn—l,nhn,p dry..dr, (8)
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Here r; is the position of the ith mobile ion; g; is pro-
portional to the spherically symmetric Coulomb potential
for each of the mobile ions

8 = g(ry)
= (4xr)7" 9

and h,, = h(r,,) is proportional to y,(r), the Coulomb
potential due to the polyion at the position of the nth
mobile ion.

The potential ¥;(r) can be written as the integrated
potential at r due to each infinitesimal line segment of
charge in the polyion

(r) = = L da 10
vl _DIL (p? + (z — z))H)V? (10)

where (p, ¢, 2) are the cylindrical coordinates of the vector
r. In terms of the B function defined earlier, y;(r) can be
written as a convolution of the Coulomb potential function
r~! with the B function

Yi(r) = %(r-l) * B(r,L) 11)

The Fourier transform of C, may now be obtained
through the Fourier convolution theorem

. oqf -2 \"Bk,L)
C"'B(?) k? 2

where we have taken A = k2B(k,L). We sum over all
chains, forn = 0 to ©

C=%C,

oq - 1
—EB(k,L)(k2 " K2) (13)

Transforming back we have

b
1re

o'q * e—xl‘
C= BB(r,L) ( " ) (14)

having used eq 6b for the screened Coulomb potential
transformation.

To calculate the excess Helmholtz free energy in the
Debye—Hiickel approximation, we need to sum over closed
chains, or rings, of ions. We replace the test charge g with
the line charge on which the ring begins and ends, writing
the counterpart of eq 8 as

2
o
R, = 2_5(_K2)nthlgm---gn-l,nhn,q’ dry.dr, (15)

the factor of two arising from the combinatorics of re-
quiring the chain to begin and end on the same ion. Using
the definition of the box function, we have

2
[s2
Ry = 550 [ Byl § Brel) f 6usiz-tng
dr,..dr, dr, dr, (16)

where r, and r,, are (different) positions on the same po-
lyion.

Summing over rings from n = 1 to «, and using eq 13
and 14, we have

2 —Kr 1
R= fl—)fB(rq,L)[B(r,L) * (eT - ;)] dr, (17)

The single convolution B(x,L) * (¢™/r) may be written
as
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B(r,L) * ‘37 = s )senbe L) x
explk[(x — x)2 + (y — )2 + (z - 2943
[(x —x)? + (y = y1)? + (2 — 2)HV/?

dx1 dyl d21

=L exp[—«(o® + )%
with { = (z - 2;) and p? = x? + y% Similarly
B(r,L) * ! = f”l‘__d_{__ 19)
r (0% D2

Then eq 17 can be written as

_ el (-1
R= ﬁj:Ldzj: T d¢ (20)

-L

where application of the second box function has removed
the dependence on p. Integration by parts yields

2L—xz_1 2
“%f TR P Ga-ew @
0

having used the definition @ = 26L. Then with the relation

f €l Gu=—y-Inx-Eik
0 u

where v is Euler’s constant (y = 0.5772...) and Ei (x) the
exponential integral

Bi() = (e /u) du

we find the excess free energy A,** by multiplying R by N,,
where N, is the total number of polyions in the volume
V of the system

Alex =
Ny CEi @) - In (2eL) -y + 1 + —= (2% - 1)
D nsET oL ¢
(22)
Defining n, as |Q|N,/eV, we have
A=/ VET =
. 1
—Enp[El (2KL) +In (ZKL) + Y - 1- ﬂ(e 2L 1)]
(23)

Notice that as L. becomes very large we have
A2/ VRT = -tn, In (2«L) (24)

so that in the Debye—Hiickel approximation the excess free
energy diverges logarithmically, as predicted by Manning'?
for an infinite line charge. However, for fixed polyion
length in a sufficiently dilute system (i.e., kL « 1) the
excess free energy due to the polyion varies as

A=/ VET =~ —tnL (25)

as may be shown by expanding e®* and Ei (2«L) for «L
< 1.

We can easily obtain end-effect corrections to the col-
ligative properties of polyion solutions by taking the ap-
propriate derivative of the excess free energy. For example,
the activity coefficient v; of the ith mobile ion species is

given by
d[A®*/VRT]
ny,=§{ ———
. an' T,V,n;,..j
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Retaining only the contribution to In v; from the presence
of the polyion species while ignoring higher order cluster
terms and the contribution from bulk salt (see Wells?* for
an empirical correction for bulk salt effects and Iwasa and
Kwak? for a discussion of its theoretical basis), we can use
eq 23 to obtain

_>‘Enp (8‘2"1’ - 1)
In~; = Y [1+TE— (26)

The mean activity coefficient is also easily shown to be

Invye= 1/2[11‘ 1+ In vo]
Y -2l _
_ M [ 1+ -1 ] 27

2'(2 2xL,

The contribution II** of the polyion to the excess osmotic
pressure is (to the same level of approximation)

Ire= = _(aAlex/ aV)T,composit;ion
and using eq 23, with the relation
(aK/aV)eomposition =-x/2V

we find

I1e (e -1)
ﬁ = —l/ng[ 1+ T] (28)

The osmotic coefficient ¢ is defined by
kET(¢ - 1)(ny + ny) = 11
It is then easy to show that

NP B POV Ul (29)
¢ B /2£n1 + ny 2«L

If we define X = n,/n, and use the relations n, = n, + n,,
ny = n,, we have

X (e - 1)
=1-l¢
o=1-hix7 2[ 1+ —31 ] (80)

which may be compared to eq 28 of Manning.!

C. Higher Order Terms. In this section we examine
the cluster terms of next higher order to the ring terms.
These describe the close interaction of a pair of ions, one
of which is the polyion; the terms we consider here cor-
respond to those in eq 29 of Manning? or eq 7 of Bailey'®
(see also Chapter 17 of Friedman??). The divergence of
this class of terms at infinite dilution for an infinitely long
polyion of sufficiently high charge density was cited by
Manning as indicating the onset of counterion condensa-
tion. We shall show that for a polyion of fixed, finite
dimensions, divergences at infinite dilution do not appear
for this class of terms, and further, that this class is neg-
ligible in its contribution to the excess free energy com-
pared to the ring term, at extreme dilution.

For a finite polyion with a cylindrical hard core of radius
a, length 2L’ (where a is the radial distance of closest
approach, and L’ = L + a’, with a’ an axial distance of
closest approach to the end of the polyion), we define

u*p, =0 forp>aorfz|> L’
=wo forp<aand|z]<L’

Then we write the next higher order free energy contri-
bution as (see Friedman,? especially Chapter 17)
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Azex 2 © @
VAT = Z.':ni:é(?“j:wdz-j; dp
I_V_p.(:t )v M * B( ) ' —
pl’!V EZi r,-p rp’L
;n,-ygo%r j:mdzj; dp p(1 + k) X

N, exp[-«r;] v
I‘;(iézi)” —— * B(r,,L) ]} (31)

ip
We have used here
kyp = exp[-u*;,/RT] - 1

Defining for convenience

[ exp[-«r;] ]"
I,=] — * B(r,L)

ip

taking account of the effects of (k;;, + 1) on the limits of
integration of z and p, and finally changing to dimen-
sionless variables of integration ¢t = xz, u = kp, and v = «¢,
we have

_Azex 27er
VET Vil

PnH+ K+ P-M] (32)
H= L0 () S def duwr)
K= i:-; (o) (tz) J:‘L/dt S du wr)
P= iﬁ Oty i/’dt.ﬁ “du (ul)

M= i(u!)-l(:h’ézi)vit:dtj;mdu (ul))

=0

In eq 31 and 32 the upper sign is to be taken for a po-
lyanion, the lower sign for a polycation.

Consider the integral terms in M first, the »sth term M,
of which is of the general form

M= z:dt I “du (ul) (33)

Changing to the reduced variables x = t/«xL, y = u/«a,
and z = v/«L, we write

*lexp(~kL(z? + (ay /L)% v
b [ ~£—1 (2% + (ay/L)HY? dz ] (34)
Now

x+1 dz v
I s [ »[-1 EEYmyeT /2] (35)

Since z2 + (ay/L)? = 2a|yz|/L, we have
x+1 dZ v
L=< /2a)v/2[ f e ] (36)

L/L
M, < kL(xa)¥(2L/a)"? | L+ TP = 1P d

so that

1
fo y™/2 dy (37)

Since the integral on the right-hand side exists and is
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independent of «, we see that all M, go to zero at least as
fast as kL(xa)% hence M also goes to zero at least as fast
as «xL(xa)2

Consider next the integral terms in L, the vth of which
is of the form

L/L -
P, = kL(xa)? L Y (38)

I,,S[glf-] forp 23
ay

LyL = 1oL |
P, < «L(xa)? f L8 fl y[a] dy  (39)

Since y 2 1 and » = 3, we have y2 = y!, so that

P, % @(xa)z(?ﬁ)(gé)" f d—Z=(sz<Ka)2(39)”
L a 1 y a
(40)

Thus P, in general will go to zero at least as fast as xL(xa)%

To obtain P, each P, is multipled by (»!)1(%£2;) and the
terms are summed from » = 3 to ., Since this sum con-
verges, we have

P < 2kL"(xa)? X (constant independent of k) (41)

Now

and so

and so P goes to zero at least as fast as «L'(xka)2.
Turning to the integral terms in H, we have

H, = «L(xa)? fL ;de J; “yI, dy (42)

Observing that x > 1, we have

v _ _1)2 211/2
L < 2" expl-wL[(x - 1)? + (ay/L)}'} 43)
[(x - 1)? + (ay/L)??

Defining 8% = (x - 1)? + (ay/L)?, we then have

*® 2 ® LS
H, < «L(xa)? f {L—z f ¢ 1ds; dx  (44)
L8 S ¢ S”

Integrating by parts yields

® -wLS
H, < (L) f E__4s (45)
L

L1 Sv—2

For v 2 4 it is straightforward to show that H, < (xL)
(L/a”?, and for v = 3

® ~3xLS
H, < (L) f £ o 48 = (L) In (xa) + OGL?)
/L1

(46)

Since the sum
T W)tz /o) 47)
y=4

converges, H goes to zero at least as fast as («L)? In (xa’).
Finally, we claim that by arguments similar to those
applied to the term H, we can show that the term K will
also go to zero at least as fast as («L)? In (xa’).
Returning now to 4,/ VERT, noting that 3 n; is pro-
portional to x? and using our inequalities for H, K, P, and
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M, we find that at extreme dilution (xa’ « 1), A,°*/VkT
goes to zero with « at least as rapidly as (xL)? In (ka”). Since
the simple ring term contribution to the free energy is
proportional to xL at low salt (cf. eq 25), A,** for finite
polyions is indeed negligible by comparison to A4,°% in the
limit of infinite dilution.

III. Conclusion

We have studied the statistical mechanics of a poly-
electrolyte solution for rigid polyions of fixed, finite length.
We have specifically included end effects in deriving ex-
pressions for the excess electrostatic free energy and
various colligative properties of the solution. For a finite
line charge with appropriate distances of closest approach,
we have shown that the higher order cluster terms are
insignificant in the limit of infinite dilution. As a conse-
quence, there is no counterion condensation in this limit,
regardless of the polyion’s charge density, so long as the
polyion dimensions are fixed and finite. This stands in
contrast to Manning’s theory, according to which coun-
terion condensation at infinite dilution is a result of a
sufficiently high charge density on an infinitely long po-
lyion.

It should be stressed that in the analysis presented here
we have required that L, a, and a’be fixed. However, if
L/a is allowed to go to infinity, the upper bounds to the
higher order cluster terms in the last section can become
infinitely large. In that case, the free energy contribution
can become infinite, indicating condensation of counter-
ions. In fact, even if L./a — = but «L — 0, it is possible
to demonstrate condensation, and we shall discuss in a
future paper the precise limiting conditions for counterion
condensation.
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