
82 Macromolecules 1982, 15, 82-86 

(6) Boyd, G. E. ‘Polyelectrolytes”; Selegny, E., Ed.; D. Reidel 
Publishing Co.: Dordrecht, Holland, 1974; Vol. I, pp 135-55. 

(7) (a) Types PSAC and PSED, Millipore Corp., Bedford, Mass. 
(b) See: “Molecular Filtration”, Bulletin AR801; Millipore 
Corp.: Bedford, Mass., 1974; pp 47-51. 

(8) Highly pure CsCl (Penn Rare Metals, Inc.) and analytical 
grade NaCl and NaBr. 

(9) In an alternative procedure a predetermined weight of dry 
solid polyelectrolyte was dissolved in pure water and added to 
the cell. This solution was ultrafiitered by washing with water 
to -remove low molecular weight polymer until the filtrate 
showed negligible absorption in the ultraviolet. A known 
weight of alkali halide solution was added and the polyelec- 
trolyte-salt mixture was stirred to give a homogeneous solution 
which then was ultrafiltered. 

(10) Barthel, J. “Thermometric Titrations”; Wiley: New York, 
1975. 

(11) This microcalorimeter was a part of a Tronac 1250 calorimeter 
system. 

(12) Munch, W. D.; Zestar, L. P.; Anderson, J. J.  Membr. Sci. 1979, 
5, 77. 

(13) Boyd, G. E.; Wilson, D. P. J .  Phys. Chem. 1976,80,805. 
(14) Boyd, G. E.; Wilson, D. P.; Manning, G. S. J.  Phys. Chem. 

1976, 80, 808. 
(15) Parker, V. B. Natl. Stand. Ref. Data Ser., (US. Natl. Bur. 

Stand.) 1965, No. 2. 
(16) Manning, G. S. J.  Chem. Phys. 1969, 51, 924. 
(17) Eisenberg, D.; Kauzmann, W. “The Structure and Properties 

of Water”; Oxford University Press: London, 1969; p 190. 
(18) Hen and Strauss4 did not employ Cs+ in their researches. 
(19) The ionic strength of the equilibrium-mixed electrolyte in the 

separation factor determinations varied from 3 X to 40 X 

(20) The values of AHE= already have been corrected to infinitely 
dilute aqueous solutions. Cf. eq 2 and 3. 

(21) Rinaudo, M.; Milas, M. Macromolecules 1973, 6, 879. 
(22) Lumry, R.; Rajender, S. Biopolymers 1970, 9, 1125. 
(23) Lifson, S.; Katchalsky, A. J. Polym. Sci. 1954, 13, 43. 
(24) Boyd, G. E. “Nature of the Selective Binding of Ions by Po- 

lyelectrolyte Gels”; D. Reidel Publishing co.: Dordrecht, 
Holland, 1976; pp 73-89. 

(25) Slough, W. Trans. Faraday SOC. 1959, 55, 1036. 

10-3 M. 

End Effects in Polyelectrolytes by the Mayer Cluster Integral 
Approach 

Charles P. Woodbury, Jr.* 
Department of Medicinal Chemistry, College of Pharmacy, University of Illinois at the 
Medical Center, Chicago, Illinois 60680 

G. V. Ramanathan 
Department of Mathematics, University of Illinois at Chicago Circle, 
Chicago, Illinois 60680. Received June 18, 1981 

ABSTRACT: We apply the Mayer cluster expansion theory to the interaction of point ions with a polyion, 
modeling the polyion as a line charge of length 2L with suitable polyion-mobile ion distances of closest approach. 
By summing over all simple ring clusters we obtain limiting law expressions for contributions to the excess 
free energy and various colligative properties of the solution due to mobile ion-polyion interactions. These 
expressions include explicit end-effect corrections to the expressions derived by Manning for the case of an 
infinitely long polyion. We show that for a polyion of fixed dimensions, even though its length may be very 
large, cluster terms of higher order than the simple ring terms do not diverge in the limit of infinite dilution 
but instead disappear more rapidly than the ring terms. This indicates the absence of counterion condensation 
in this limit and validates the simple ring term expressions as limiting law expressions. 

I. Introduction 
In 1969 Manning1p2 presented a theory of polyelectrolyte 

solutions based on the Mayer3 cluster theory of ionic so- 
lutions. The Manning theory models the polyion as a 
uniformly charged line of infinite length interacting with 
a solution of mobile ions (taken as point charges), with 
assumption of a suitable distance of closest approach of 
mobile ions to the polyion. Interactions between polyions 
are neglected, and ”uncondensed” (see below) mobile ions 
are treated in the DebyeHuckel approximation; that is, 
only simple “ring term” contributions to the free energy 
for “uncondensed” mobile ions are considered. 

A fundamental quantity in the Manning theory is a 
(dimensionless) polyion charge-density parameter, C;, de- 
fined by 

eu e2 C;=-=- 
D k T  bDkT 

where e is the magnitude of the electronic charge, D the 
pure bulk solvent dielectric constant, k Boltzmann’s con- 
stant, T the absolute temperature, and u the polyion’s 
charge density, equal to e l b  with b the equivalent axial 
charge spacing distance on the polyion. For a polyion in 

a solution of univalent ions, if C; is initially greater than 
1, the condensation hypothesis requires that (in the limit 
of infinite dilution) sufficiently many counterions 
“condense” on the polyion to reduce C; effectively to 1; if 
C; is less than 1 initially, no counterion condensation occurs. 

The theoretical justification given by Manning1V2 for 
hypothesizing condensation involves the divergence of 
certain free energy terms in the limit of infinite dilution. 
Specifically, Manning showed that the leading (“ring”) 
term in the Mayer cluster expansion corresponded to that 
obtained in the Debye-Huckel approximation; this term 
diverged logarithmically with increasing dilution of the 
system. Manning then analyzed the next higher order 
terms in the cluster expansion and showed that for F L 1, 
certain of these terms diverged even more rapidly than the 
ring term. Manning interpreted this result as implying 
counterion condensation. 

In more recent work, Manning4-7 and I w a ~ a ~ , ~  have 
treated polyion-counterion interactions by minimizing the 
free energy of the polyelectrolyte solution with respect to 
transfer of counterions from a bulk (“free”) phase to a 
polyion-bound (“condensed”) phase; the results obtained 
agree with the original condensation hypothesis. In a 
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reexamination of the Poisson-Boltzmann (PB) equation 
for linear polyions, Fixmanlo has shown that a two-phase 
(or condensation) model can be obtained as an approxi- 
mation to the PB model. Anderson and Record'l have 
analyzed the low-salt limiting behavior of the Donnan 
coefficient from the cylindrical PB model and have found 
that a high local concentration of counterions remains close 
to the polyion at  low ionic strength for polyion charge 
densities above the critical value; this is consistent with 
the condensation hypothesis. 

The above treatments all take the polyion to be infinitely 
long and so neglect the effects of ends. However, end 
effects have received some recent attention through the 
work of Skolnick and Grimmelmann12 on the potential of 
a finite line segment of charge in an ionic solution. Al- 
though these workers allow for screening effects in the 
interaction of mobile ions with the oligoion, they do not 
specifically address the problems of counterion conden- 
sation and the definition of an effective oligoion charge 
density. 

Record and Lohman13 have presented a semiempirical 
treatment of end effects that includes both screening and 
condensation effects. In their model of the oligoion, 
counterion condensation at  the ends of the molecule is 
reduced over that in the interior; tend is thus taken as 
greater than .$interior. With certain simplifying assumptions 
on the proportionality of counterion condensation at  the 
ends vs. the interior of the oligoion, and on the length of 
the end regions, Record and Lohman use the observed 
length dependence of the melting temperature of a series 
of d(A-T) oligomers14 to calibrate empirically the effect of 
ends. The calibrated model is then successfully applied 
to several other oligo- and polynucleotide systems. 

Since real polyelectrolytes are composed of discrete 
charges that perhaps form a linear or helical lattice or are 
embedded in a medium of different dielectric constant 
than that of the bulk solvent, several variations on the 
continuous line-charge model have been examined. Bai- 
ley16 has shown that a t  extreme dilution the continuous 
line-charge model and a straight line of regularly spaced 
charges yield equivalent results for the Debye-Huckel 
approximation to the excess electrostatic free energy. 
Moreover (for E 51) Bailey claims that the contribution 
of higher order cluster terms to the free energy is small 
compared to the simple ring term, thus supporting Man- 
ning's neglect of these terms. It should be mentioned, 
however, that this neglect of higher order terms has been 
contested by Iwasa and co-workers.16J7 

Soumpasisl* has considered more elaborate lattice 
models for the polyion with a discrete charge array and 
has concluded (with Baileylg) that at infinite dilution the 
effects of charge discreteness are negligible, as are the 
effects of ionic size. Skolnick and Fixmanm and Skolnick'l 
have examined the electrostatic free energy for helical 
arrays or stripes of charges on the surface of a dielectric 
cylinder, following Hill's2' earlier work on infinitely long, 
uniformly charged cylinders as polyion models. Again, for 
sufficiently low salt concentrations, predictions agree with 
those of the simple line-charge model. 

The present paper is an extension of Manning's treat- 
ment of infinitely long polyelectrolytes,'V2 in which we seek 
explicit end-effect corrections (in the Debye-Huckel ap- 
proximation) to Manning's expression for the excess free 
energy and certain of its derivatives. Following Manning, 
we shall use the Mayer cluster integral approach, first 
examining the simple ring term to obtain the Debye- 
Huckel approximation to the free energy and to various 
colligative properties. We then turn to the behavior at 
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infinite dilution of the higher order cluster terms that 
reflect the short-range interactions of mobile ions with the 
polyion. Manning has cited the divergence of such terms, 
in the limit of infinite dilution and when the charge density 
exceeds a certain critical value, as evidence for 
"condensation" of counterions onto the polyion. We shall 
show that, regardless of the value of 5,  these terms vanish 
at  infinite dilution more rapidly than the ring term con- 
tribution in the case of a polyion of fixed length, which 
implies the absence of counterion condensation and jus- 
tifies our use of the simple ring terms for deriving limiting 
law expressions. In a subsequent paper we shall return 
to the relation between counterion condensation and po- 
lyion charge density and length, and we shall offer there 
criteria for the onset of counterion condensation. 

11. Theory 

Fourier transform f ( k )  of a function f(r) as 
A. Preliminarigs. We define the three-dimensional 

f(k) = l f ( r )e- ik*r  d r  (1) 

f(r) = ( 1 / 2 ~ ) ~ l f ( k ) e ' ~ * ~  dk (2) 

The inverse transform is 

In what follows we shall have occasion to use the three- 
dimensional Oboxn function 

m$) = 6(x)KY)b(z,L) (3) 
where 6 ( x )  and 6 ( y )  are Dirac 6 functions, and the function 
b(z,L) is defined by 

b(z$) = 0 

The Fourier transform of B(r,L) is given by 

121 > L 
= 1 (21 I L (4)  

2 sin (k,L) 

kz 
&k$) = (5) 

We shall also need the Fourier transforms of the Coulomb 
potential function r-l and the 'kreened" potential function 

( l /r)  = 4 s / k 2  ( 6 4  

r-le-Kr 

L 

z and 

k 2  + K' 

B. Uniformly Charged Line Model. We take as our 
model for a finite polyion a line charge along the z axis 
from -L to +L, carrying a total charge Q with a uniform 
charge density a of Q/2L. We suppose the polyion to be 
immersed in a solution of mobile ions, the ith species of 
which has a charge zje and a number density nj. The 
Debye parameter K is given as usual by 

h e 2  
K' = -Cniz? 

DkT (7) 

According to the cluster theory of ionic s0lutions,3"~ the 
major contribution to the excess Helmholtz free energy A" 
comes from the sum over simple closed chains (rings) of 
ions and corresponds to the Debye-Huckel limiting law 
result. Let us denote by C, the term corresponding to a 
chain of n mobile ions joining a polyion and a test charge 
q. Cn is given by 
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Here ri is the position of the ith mobile ion; gij is pro- 
portional to the spherically symmetric Coulomb potential 
for each of the mobile ions 
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and hn,p = h(rnp)  is proportional to qL(r), the Coulomb 
potential due to the polyion at  the position of the nth 
mobile ion. 

The potential +L(r) can be written as the integrated 
potential at r due to each infinitesimal line segment of 
charge in the polyion 

where (p,  6, z )  are the cylindrical coordinates of the vector 
r. In terms of the B function defined earlier, qL(r) can be 
written as a convolution of the Coulomb potential function 
r-l with the B function 

(11) + L ( r )  = $-l) * B(r,U 

The Fourier transform of C, may now be obtained 

L7 

through the Fourier convolution theorem 

where we have taken h = k-2B(k,L). We sum over all 
chains, for n = 0 to 

m c =  cc, 
n=O 

= "4B(k,L)( D L, k 2  + K' 

Transforming back we have 

having used eq 6b for the screened Coulomb potential 
transformation. 

To calculate the excess Helmholtz free energy in the 
Debye-Huckel approximation, we need to sum over closed 
chains, or rings, of ions. We replace the test charge q with 
the line charge on which the ring begins and ends, writing 
the counterpart of eq 8 as 

the factor of two arising from the combinatorics of re- 
quiring the chain to begin and end on the same ion. Using 
the definition of the box function, we have 

where r, and r,, are (different) positions on the same po- 
lyion. 

Summing over rings from n = 1 to m, and using eq 13 
and 14, we have 

R = $JB(r,,L)[ B(r,L) * (5 - $1 dr, (17) 

The single convolution B(r,L) * (e-Kr/r) may be written 
as 

with { = (z - zl) and p2 = x 2  + y2. Similarly 

Then eq 17 can be written as 

where application of the second box function has removed 
the dependence on p.  Integration by parts yields 

z(e-u - 1) UQ u2 

R = $ I  D KD 
dz + - - -(1 - e-2rL) (21) 

having used the definition Q = 2uL. Then with the relation 

du = -y - In x - Ei ( x )  

where y is Euler's constant (y = 0.5772 ...) and Ei ( x )  the 
exponential integral 

Ei ( x )  = Jm( e -u /u) du 

we find the excess free energy Alex by multiplying R by Np, 
where Np is the total number of polyions in the volume 
V of the system 
A,= = 

1 1 3[ -Ei ( 2 d )  - In (2KL) - y + 1 + -(e-'& - 1) 
D 2KL 

(22) 
Defining np as lQINp/eV, we have 
Alex /  VkT = 

1 1 
2KL -trip[ Ei (2KL) + In (2KL) + y - 1 - -(e-2& - 1) 

(23) 

(24) 

so that in the Debye-Huckel approximation the excess free 
energy diverges logarithmically, as predicted by Manning'$ 
for an infinite line charge. However, for fixed polyion 
length in a sufficiently dilute system (i.e., KL << 1) the 
excess free energy due to the polyion varies as 

Alex/  VkT E -@,L (25) 

as may be shown by expanding e-2xL and Ei (2KL) for KL 
<< 1. 

We can easily obtain end-effect corrections to the col- 
ligative properties of polyion solutions by taking the ap- 
propriate derivative of the excess free energy. For example, 
the activity coefficient yi of the ith mobile ion species is 
given by 

Notice that as KL becomes very large we have 
Alex'/VkT = -trip In ( 2 L )  
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Retaining only the contribution to In yi from the presence 
of the polyion species while ignoring higher order cluster 
terms and the contribution from bulk salt (see WellsN for 
an empirical correction for bulk salt effects and Iwasa and 
Kwak= for a discussion of its theoretical basis), we can use 
eq 23 to obtain 
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(e-2KL - 
In yi = -[ 2 K 2  1 + 2KL "1 (26) 

The mean activity coefficient is also easily shown to be 

- 28 

The contribution II- of the polyion to the excess osmotic 
pressure is (to the same level of approximation) 

n e x  = - (aAleX/d V)T,composition 

and using eq 23, with the relation 

( a K  / 8 v) composition = -K / 2 v 
we find 

The osmotic coefficient r#J is defined by 

kT(4  - l)(nl + n2) = Hex 

It is then easy to show that 

If we define X = np/na and use the relations nl = n, + np, 
n2 = n,, we have 

which may be compared to eq 28 of Manning.' 
C. Higher Order Terms. In this section we examine 

the cluster terms of next higher order to the ring terms. 
These describe the close interaction of a pair of ions, one 
of which is the polyion; the terms we consider here cor- 
respond to those in eq 29 of Manning2 or eq 7 of Bailey15 
(see also Chapter 17 of Friedman23). The divergence of 
this class of terms at infinite dilution for an infinitely long 
polyion of sufficiently high charge density was cited by 
Manning as indicating the onset of counterion condensa- 
tion. We shall show that for a polyion of fixed, finite 
dimensions, divergences at infinite dilution do not appear 
for this class of terms, and further, that this class is neg- 
ligible in its contribution to the excess free energy com- 
pared to the ring term, a t  extreme dilution. 

For a finite polyion with a cylindrical hard core of radius 
a, length 2L' (where a is the radial distance of closest 
approach, and L = L + a ', with a an axial distance of 
closest approach to the end of the polyion), we define 

u*ip = 0 
= m 

for p > a or Izl > L' 
for p < a and lzl < L' 

Then we write the next higher order free energy contri- 
bution as (see Friedman,23 especially Chapter 17) 

We have used here 
kip = exp[-u*ip/kT] - 1 

Defining for convenience 

taking account of the effects of (kip + 1) on the limits of 
integration of z and p ,  and finally changing to dimen- 
sionless variables of integration t = K Z ,  u = K P ,  and u = K { ,  
we have 

In eq 31 and 32 the upper sign is to be taken for a po- 
lyanion, the lower sign for a polycation. 

Consider the integral terms in M first, the uth term M ,  
of which is of the general form 

(33) 

Changing to the reduced variables x = t/KL, y = U / K U ,  

and z = U/KL, we write 

Now 

Since z2 + (ay/L) > - 2alyzl/L, we have 

so that 
L'/L 

-L'/L 
M ,  I KL(KU)~(~L/U)'/~J ( I x  + 111/2 - Ix - 11'/2)v dx 

J'y'-v/z dy (37) 

Since the integral on the right-hand side exists and is 
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independent of K ,  we see that all M ,  go to zero at  least as 
fast as K L ( K u ) ~ ;  hence M also goes to zero at  least as fast 
as K L ( K u ) ~ .  

Consider next the integral terms in L, the vth of which 
is of the form 
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Now 

a i d  so 

Since y 2 1 and v I 3, we have y-2 I yl-”, so that 

(40) 
Thus P, in general will go to zero at least as fast as ~ ’ ( K u ) ~ .  

To obtain P, each P, is multipled by (v!)-’(&&~) and the 
terms are summed from v = 3 to 03. Since this sum con- 
verges, we have 

P I 2 d ’ ( ~ a ) ~  X (constant independent of K )  

and so P goes to zero at  least as fast as KL’(Ku)~. 
Turning to the integral terms in H, we have 

Observing that x > 1, we have 
2” exp(-vKL[(x - 1)’ + ( U ~ / L ) ~ ] ~ / ~ )  

[ ( x  - 1 ) 2  + (ay/L)2]’/2 
z, I 

Defining S2 = ( x  - 1)2 + (ay/L)2, we then have 

Integrating by parts yields 

For v I 4 it is straightforward to show that H, I (KL)~.  
(Lla?’, and for v = 3 

H3 5 ( K L ) ~  dS = - ( K J ~ ) ~  In ( K U ?  + ~ ( K ~ L ~ )  
L‘IL-1 

Since the sum 

(47) 

converges, H goes to zero at least as fast as ( K L ) ~  In ( K U ? .  
Finally, we claim that by arguments similar to those 

applied to the term H, we can show that the term K will 
also go to zero at least as fast as ( K L ) ~  In (KU?.  

Returning now to A2“’/VkT, noting that Eni is pro- 
portional to K~ and using our inequalities for H ,  K ,  P, and 

M ,  we find that a t  extreme dilution (KU’<< l), AzeX/VkT 
goes to zero with K at least as rapidly as ( K L ) ~  In (KU?.  Since 
the simple ring term contribution to the free energy is 
proportional to KL at low salt (cf. eq 25), Azex for finite 
polyions is indeed negligible by comparison to Alex in the 
limit of infinite dilution. 

111. Conclusion 
We have studied the statistical mechanics of a poly- 

electrolyte solution for rigid polyions of fixed, finite length. 
We have specifically included end effects in deriving ex- 
pressions for the excess electrostatic free energy and 
various colligative properties of the solution. For a finite 
line charge with appropriate distances of closest approach, 
we have shown that the higher order cluster terms are 
insignificant in the limit of infinite dilution. As a conse- 
quence, there is no counterion condensation in this limit, 
regardless of the polyion’s charge density, so long as the 
polyion dimensions are fixed and finite. This stands in 
contrast to Manning’s theory, according to which coun- 
terion condensation at  infinite dilution is a result of a 
sufficiently high charge density on an infinitely long po- 
lyion. 

It should be stressed that in the analysis presented here 
we have required that L, a, and u’be f ixed .  However, if 
L/a is allowed to go to infinity, the upper bounds to the 
higher order cluster terms in the last section can become 
infinitely large. In that case, the free energy contribution 
can become infinite, indicating condensation of counter- 
ions. In fact, even if L/a  - but KL - 0, it is possible 
to demonstrate condensation, and we shall discuss in a 
future paper the precise limiting conditions for counterion 
condensation. 
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